Analytic expressions for the fields of a tightly focused radially polarized Gaussian laser beam are derived, accurate to ⑀ 5 , where ⑀ is the associated diffraction angle. The fields satisfy Maxwell's equations, and the calculated beam power based on them is significantly different from that of the paraxial-approximation fields. © 2006 Optical Society of America OCIS codes: 140.3430, 260.1960 Recent experiments 1,2 have shown that radially polarized laser light may be focused to a spot size Ӎ0.16 2 , where is the wavelength, which is significantly smaller than for linearly polarized light ͑0.26 2 ͒. It has also been shown that tight focusing of the laser beam enhances the intensity of the axial electric field component. These features are desirable for many practical applications such as particle trapping and acceleration.
Recent experiments
1,2 have shown that radially polarized laser light may be focused to a spot size Ӎ0. 16 2 , where is the wavelength, which is significantly smaller than for linearly polarized light ͑0.26 2 ͒. It has also been shown that tight focusing of the laser beam enhances the intensity of the axial electric field component. These features are desirable for many practical applications such as particle trapping and acceleration. 3, 4 One way to produce radially polarized light involves the use of axicons. Axicon fields may be described fairly accurately within the context of a paraxial approximation, provided that focusing is not too tight.
The aim of this Letter is to derive the electromagnetic fields of a nonparaxial beam that reduce to those of an axicon-Gaussian beam in the paraxial approximation. It is shown that correction terms need to be added to the paraxial description in the regime of focusing to a spot size of the order of magnitude of the laser wavelength or less. The method to be used here 5 has its origins in the work of Lax and co-workers 6 and that of Davis. 7 SI units are used throughout, and it is assumed that the fields possess a time dependence of the form e it , where is the frequency. The Gaussian beam parameters, namely, its waist radius at focus w 0 , its Rayleigh range z r ϵ kw 0 2 / 2, where k is the wavenumber; and its diffraction angle ⑀ ϵ w 0 / z r will be used to describe the axicon fields, hence the designation axicon-Gaussian. Propagation along the z axis and a stationary focus at the origin of a Cartesian coordinate system will be assumed. The axicon modes of a Gaussian laser beam, having a wavenumber k = / c, with c the speed of light in vacuum, may be derived from a vector potential A and the corresponding scalar potential ⌽. The vector potential satisfies the wave equation Second, the fields have the paraxial approximation limits known to model the axicon fields quite well, provided the waist radius w 0 is large compared with the laser wavelength. 7, [10] [11] [12] Direct substitution of the expression for A into the wave equation yields
The derivation will be made easier if one works with the scaled coordinates = r / w 0 and = z / z r in Eq. (1), transforming it into
With ⑀ 2 regarded as a small quantity, let us write
Convergence of this series (sometimes referred to as the Lax series) is in serious doubt for values of the diffraction angle close to or exceeding unity. 13, 14 When Eq. (3) is inserted into Eqs. (2) and after terms of order ⑀ 2s , where s =0,1,2,..., have been collected, there results
͑5͒
For m = 1 and 2, one has the solutions 6,15-18
In Eq. (8) G is the Guoy phase associated with the Gaussian beam. Next, assuming similar dependence upon the time in the vector and scalar potentials, the Lorenz condition leads to ⌽ = ͑ic / k͒ ١ · A. Hence,
Although terms in ⌿ of order ⑀ 4 only are kept in the vector potential expansion, the space derivatives in Eqs. (9) will ultimately give rise to terms of higher order. When known, the term of order ⑀ 6 in the truncated series (3) will contribute terms in the fields of order ⑀ 6 and higher. This forces us to declare terms in the field components that are of order ⑀ 6 and beyond as inaccurate and to drop them henceforth. Equations (9) show immediately that the components E , B r , and B z vanish identically. This leaves us with the field components E r , E z , and B , characteristic of an axicon optical element. With E 0 ϵ A 0 , the nonvanishing complex field components emerge, after some algebra, as (with c standing for complex) (12), which, after some algebra, take the forms ͬͮ .
͑15͒
In Eqs. (13)- (15) E = E 0 e −r 2 /w 2 , w = w 0 ͱ1 + 2 , ͑16͒
S n = ͑w 0 /w͒ n sin͑ + n G ͒, ͑18͒ 
where 0 is a constant initial phase. Note first that the lowest-order terms, E r = E⑀C 2 , E z = E⑀ 2 ͓S 2 − 2 S 3 ͔ and B = E r / c, give the well-known paraxial axicon fields exactly.
7,10-12 Also, on the beam axis, r = 0 the components E r and B vanish identically, while E z → E 0 ͓⑀ 2 S 2 + ⑀ 4 S 3 /2͔, with → 0 + t − kz in the arguments of the trigonometric functions S 2 and S 3 . This component plays the main role in applications such as particle laser acceleration. 3, 4, [10] [11] [12] Finally, note that, on the transverse plane through the focus, z = 0, the field components simplify even further, with C n → cos͑ 0 + t͒ and S n → sin͑ 0 + t͒ for all n values. Those components will henceforth be denoted by Ē r , Ē z , and B , respectively.
Surface plots of the amplitudes e r of Ē r / E 0 , e z of Ē z / E 0 and cb of cB / E 0 are shown in Fig. 1 . Note that e r and cb exhibit the characteristics of a hollow beam radial intensity. Figures 2(a) and 2(b) show intersections with the y = 0 plane of surface plots similar to those of Figs. 1(a) and 1(b) , respectively. A beam with diffraction angle ⑀ = 0.75 has a waist radius w 0 Ӎ 0.424 . For this case, Fig. 2 shows that the full field amplitudes differ quite significantly from their paraxial approximation counterparts. The principal maxima in e r , which occur in the paraxial approximation at x = ±w 0 / ͱ 2, undergo significant shifts.
The output beam power may be obtained by integrating the z-component of the Poynting vector over the transverse plane through the focus and averaging the result over time. This procedure yields
͑20͒
where P 0 is the paraxial approximation beam power. In Fig. 2(c) , the percent uncertainty in the calculated power when the paraxial description is used is shown as a function of the diffraction angle. In the figure ⌬P = P − P 0 . It is obvious from the figure that the beam power needs to be substantially corrected by inclusion of the higher-order terms beyond the paraxial approximation. Higher-order corrections are needed to answer questions about convergence of the truncated series. Furthermore, the connection between the fields reported above and those of a beam submitted to an axicon remains to be established. I thank K. T. McDonald for suggesting the problem; e-mail may be addressed to ysalamin@aus.edu. 
